Abstract. The novelty of this work is in presenting interest
Introduction
This paper presents the theoretical effectiveness of two types of 'optimal' bilinear quadrilateral meshes. The novelty of this work is in presenting interesting error properties of two types of asymptotically 'optimal' quadrilateral meshes for bilinear approximation. The first type of mesh has an error equidistributing property where the maximum interpolation error is asymptotically the same over all elements. The Government retains a nonexclusive, royalty-free license to publish or reproduce the published form of this contribution, or allow others to do so, for U.S. Government purposes.
Correspondence and offprint requests to: E. D'Azevedo, Computer Science and Mathematics Division, Oak Ridge National Laboratory, P.O. Box 2008, Oak Ridge, TN 37831-6367, USA. Email: e6dȰornl.gov second type has faster than expected 'super-convergence' property for certain nonconvex saddle-shaped data functions. The 'super-convergent' mesh may be an order of magnitude more accurate than the error equidistributing mesh. Both types of meshes are generated by a coordinate transformation of a regular mesh of squares. The coordinate transformation is derived by interpreting the Hessian matrix of a data function as a metric tensor. This work is a basic study on optimal meshes with the intention of gaining insight into the more complex meshing problem in surface approximation and finite element analysis, especially near corner or point singularities.
For simplicity, we consider the problem of interpolating a given smooth data function with continuous piecewise bilinear quadrilaterals over a domain to satisfy a given error tolerance. A mesh that achieves this error tolerance with the fewest elements is defined to be optimally efficient. Intuitively, one would expect smaller and denser elements in regions where the function has sharp peaks or large variations.
Provably optimal triangular meshes [1, 2] have been produced by anisotropic mesh transformation. Anisotropic mesh transformation is emerging as an effective technique for unstructured grid generation, where the vertex distribution is highly non-uniform. The central idea is to control the element shapes and sizes by specifying a symmetric metric tensor that measures the approximation error. The metric tensor determines the corresponding anisotropic transformation. The anisotropic mesh is then the image of a uniform mesh of optimal shape elements under the anisotropic transformation. Simpson [3] gives a survey on anisotropic meshes. Nadler [4] , D'Azevedo and Simpson [5, 2] and D'Azevedo [1] have studied local anisotropic transformation for generating optimally efficient triangular meshes. Numerous works, such as Borouchaki [6] , Peraire [7] and Shimada [8] , have used the Hessian matrix as a metric tensor for anisotropic mesh generation.
In this paper, we apply a similar analysis to bilinear approximation on quadrilateral patches.
An outline of the paper follows. In Section 2, we present a simple local quadratic model for error analysis and introduce the coordinate transformation to the 'isotropic' space. In Section 3 we show that a square over the isotropic space is the most efficient shape to minimize the ratio of Error/Area. A regular mesh of squares over the isotropic space would correspond to an optimally efficient mesh in the original space. Section 4 states a classical result in differential geometry on the conditions for finding the anisotropic transformation [x(x,y),ỹ(x,y)] for a general data function. Results of numerical experiments are presented in Section 5 to demonstrate the error equidistributing property and the effectiveness of the super-convergent meshes.
Quadratic Model
We shall consider a local analysis where we assume that the data function f(x,y) in the neighborhood of (x c ,y c ) is well approximated by its quadratic Taylor expansion 
ͬ Q, and Q is orthogonal, (2)
Note that transformation S is essentially a rotation to align eigenvectors along the coordinate axes then followed by a simple scaling. Under this transform-
Over the transformed space (x(x,y),ỹ(x,y)), the Hessian matrix is reduced to a simple form (2), with no preference for any direction. We shall call this transformed space the 'isotropic' space. We shall use a quadratic data function to derive a simple model for deriving the maximum interpolation error over a bilinear quadrilateral patch.
Quadrilateral Patch
The bilinear interpolant over a quadrilateral element is given by the isoparametric formulation (commonly used in finite element analysis) over the normalised (p,q)-space on the unit square, 0 Յ p,q Յ 1. Basis functions are
which satisfy i (x j ,y j ) = ␦ ij and sum to one,
Mapping from (p,q) to the original (x,y)-space is by 
The error function for quadratic interpolation over a parallelogram can be shown by direct algebraic expansion (see the Appendix) to be
, where
interpolant (5) exactly fits linear functions [9] , the error attained at the centroid (x c ,y c ) can be written as
This expression can be further simplified over the isotropic space where H is the identity
where
t are the corresponding coordinates over the istoropic space. The area of this transformed convex quadrilateral is (see Fig. 1 
Since the isotropic transformation S in Eq. (2) is a rotation followed by a rescaling of coordinate axis, the area of quadrilateral over the isotropic space is scaled by √͉12͉ = √͉det(H)͉ (intrinsic to H). By calculus, we can show that this ratio of E M /Area is minimised and attained by a square with
. Hence, the most efficient shape among all general convex bilinear quadrilaterals is a square over the isotropic space with an efficiency ratio of 1/4.
If f(x,y) is saddle-shaped (det(H) Ͻ 0), the error expression for a parallelogram is still
Under the anisotropic transformation S, 
The maximum error is L 2 /8 and is attained at (p,q) = (.,1) or (.,0).
Note that both 1 and 2 vanish for
which correspond to a square rotated by /4. The above indicates an 'exact fit' (E Q (p,q) = 0) if 1 = 2 = 0. This suggests bilinear approximation has higher than expected accuracy, and that the simple quadratic model is inadequate to fully capture the error properties in this case.
To summarise, a square over the isotropic space in any orientation is of optimal shape for the convex (det(H) Ͼ 0) case, and a square rotated by /4 is the optimal shape for the saddle-shaped (det(H) Ͻ 0) case. A regular square mesh over the isotropic space would correspond to an error equidistributing mesh, where each patch incurs the same maximum error. For a saddle-shaped data function det(H) Ͻ 0, a regular mesh of squares rotated /4 would have higher than expected accuracy.
Differential Geometry
The constant Hessian Matrix H = {h ij } in Eq. (1) determines the coordinate transformation S that maps [x,ỹ] t = S [x,y] t so that 
The conditions for finding the anisotropic coordinate transformation [x(x,y),ỹ(x,y)] are given by a classical result in differential geometry for characterising a 'flat' space [10] : that the Riemann-Christoffel tensor formed from the metric tensor H is identically zero. In this case, a sufficient condition is for H = {h ij } to satisfy 
for some constants K 1 , K 2 , K 3 . In particular, Eq. (13) is satisfied by harmonic functions (h 11 + h 22 = 0). The coordinate transformation [x(x,y),ỹ(x,y)] may be found by solving an initial value ordinary differential equation. The details for computing the anisotropic coordinate transformation [x(x,y),ỹ(x,y)] are described elsewhere [1] . 
Numerical Experiments
In this section, we demonstrate the effectiveness of a super-convergent mesh for interpolation over bilinear quadrilaterals on several harmonic functions. To clearly illustrate the error equidistributing properties, only elements entirely interior to the unit square are generated to simplify the presentation. 
Coordinate transformation is
x(x,y) = arctan(y − y 0 ,x − x 0 ) and Example 2 A near singularity at (x 0 ,y 0 ) = (0.5,−0.2),
Example 3 A more severe near singularity at (x 0 ,y 0 ) = (0.5,−0.2), f(x,y) =
Example 4 Note that Example 1 produces a simple radially symmetric mesh with a regular angular partition. Even in this simple case, a /4 rotation yields substantial improvement in approximation accuracy.
Results in Tables 1 and 3 The function values at the four interpolating corners are 
and f 4 = f(0,1) = 
